
Lecture 10 2

- Phys IV notes

Review of Lecture 9 :

· Matching conditions

E-E! = o I = E

=
D2 - DE = Ps
B2 - B2 = 0

-A+erT = o

=Ele
·Plane waves in medium (see les

. 9)
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1 EM
energy in medium

We would like to derive an expression
for the

energy density , energy lux
and

energy
conservation in a media

with non-dicial M and E
.
We will

lowes on the isotropic case with

constant and E.

Thus
,

we are looking for the
analogs of the vacuum equations :

+ E. +F5 zo
,

where

Ex (Pointing rector]

u =E+
hin= E (change in the hinde

energy of the charges)



We derived these equations in

Lecture 4 by multiplying second and
third Maxwell equations Ey E and ⑬

correspondingly. We now do the same

with the averaged equations and

multiply by averaged E and B :

+
↳ the only difference

Now we use the equation for2
from Lecture 8 :

< = 5+ ,
where

E- Work done on the free
charges



E

=E
P

(T =E +T = CE)

Now we need to massage the
>

E.term .

we rewrite it as

E .Ex= (E) +ME) =
~

d
will get combined
with E . I will combine

= /xE)- with



We thus get

+E. =0

u



EM waves in Medium

We again study isotropic linear
medium

=E Beuth
If there are no free charges ,

B = 0 * xE+ o

=F- = 0 E . B = 0

Let's derive the wave equation for the
magnetic Weld (as we did in the first
Lecture)

ExEx-Ex = 0 =

-A-Ex=



-
d

-ar
=El

Plane wave B=
-int

is

a solution
, given that

w =vi

We could repeat a careful derivation

we had with scalar and rector

potential and conclude that the

entire plane wave story goes throughs

= EXE .

t

we
↳



· As an application of matching
conditions

,
one can derive the

laws of reflection and transmission

through the boundary of two media ;

r
it Er

,Me

= (Note connection between

the ray optics and

the wave optics]



Plan of the last 5 Lectures

· Galilean invariance and Lorentz

invariance

· Physics of Lorentz transformations
· Govariant formulation of EM

· Covariant formulation of Newtonian
mechanics

· Action principle for EM

Plan of this lecture

· Historical remarks about Galilei and
Lorentz in v.

· Symmetries of Lagrangians -> Galilean
group and group of rotations

· Failure of the Galilean invariance of
the wave equation
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· Invariance of the speed of light and
wave equation under Lorentz transformations

· Wick rotation and Lorentz transformations
as 4D rotations

.

Galilean invariance

Galilei 1564-1642 suggested that
laws of Physics are invariant

under change of the reference frame :

*= + it

if frame # moves with respect to A

with velocity I
This

, together with rotations :

* = RoRijjRijXj
And translations: '=+

+ + + T



Y

form the
group of symmetries of

Newtonian mechanics (Newton 1643-1727) .

By the end of XIX century it
was believed that speed of light
has the same properties as that of
the other waves :

un T
① un I>

2- v
- ↳ Wave

C

(light propagatesoinside ata
Maxwell equs-1870 = oro
However

,
Michelson and Morley in 1880's

showed that speed of light was
the same in all frames...
This lead to a puzzle
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Constancy of the speed of light
-failure of have equation (Maxwell egn's)
to be invariant under Galilean transformations.

1900 Kelvin's "Two clouds" lecture

Second "cloud" was laiture of classical
stat-mech

,

to explain the radiation spectra.

-
d Tantum mechanics

Theory of relativity- a

Einstein
,
1905

Both in one year
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· Symmetries of Lagrangians -> Galilean
group and group of rotations

Consider atypical Lagrangian :

1 = EMP
S = Sc2

Equations follow from =
C1-inv .

=

= Roy+ EoMin .]
X

+ + + T

invariant (i peserves angles and

lengths (

Galilean a bit less trivial;

mm



1-1++
S is invariant

E
,+) +Xe : (i) G-rector
(t)

,
xi

,
xz)

,
Xy) =

&
= It , Yethit , Y2+ Not ,XstWet) =(

bin

/). /) = (E+)
Group multiplication

-



Group of rotations:

xi = Riixi : (*)=G1

X3=R/
threerotations for the same thing

.

ym) =24X : oRus Xi (
architrary element of the rotation

group can be written as combination of
three rotations :

ele

R = Rxy RyzRxz



1 cos 2 sind 0

Roy = (soun coss o(
S

00 1

↑ ⑦
Rotation preserves scalar products :

*y = .j : Xi = Rijkj
I' = Rib Yu

Xi · gi = XjRij· Rinzn =

R
.

X (F)in Yu *

Xi. zi = Xi Jin yu
I = (0,0) = dij Throneder-delta



18

Since - is true for any and,

ROB = I = is an orthogonal
matrix

det = (t)"= 1
&
preserves orientation : det =1

So(3) Ranity :
at Korthogonal P = (2%)
Por = 0(3)



I

Failure of the Galilean invariance of
the wave equation

44 =0 - () =0

Translations and rotations are OK I

I xil
xi +wit

+ 1
= +

=
=vi

S
invariant ?
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It is because we did not transform
- same statement is that constancy of
speed of light is in contrast with

Galilean invariance :

Summary :

Translations Rotations Galilean

Mechanics V V V

CED V V X

· Wave equ
not invariant => Maxwell equ.

not invariant

· Note : gauge invariance us global symmetry
Tinvariance.
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Invariance of the speed of light and
wave equation under Lorentz transformations

We would like to suggest that
the idea of equivalence of inertial

reference frame is still time in EM
.

However
,
the transformation laws for

coordinates changee.

Galilean boosts-> Lorentz boosts

which transformation leaves invariant the
wave equation ?

(t)" - 6)"- ()"- (o) 4=
Therearesevereways

to deriea



Wick rotation and Lorentz transformations
"

as 4D rotations
.

introduce "Euclidean time"

XE-ict : &= ic
Ot OXE

this is called "Wick rotation." Then we will rotate back.

the wave equation becomes

2

T
invariant under S0(4)

- 4D rotations? - absolutely analogousteons.
M

1esocu) : 1 =(2)



Transformations : 15

Xe = MXE , ye-yEMyE
YEgE = XXYXzYXzYs ; XE

=Misy = X MryX - yo
-> 14

. YE=
1

Ins
-

New rotations 3013) rotations (old) ,
↑

they are always

Acost side O
Enclidean

20

1

( O 0 1
(

XE = Xocos2 + Vasind

X] = Xe cost - Xo sind

Now
,
let us remember the definition
E E

o to : Xo =vict+=
E
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- ict' = -ict cost Yasind

Ye = X1 2012 + it sind

↳ It' = c+ cost + :Y sing

Ye = X1 2012 + it sind

define rapidity : X = 1
ising = sinhy LexiX

cost = casht

H = + coshX + E sinhy 3 Lorentz

XI = Xenshx + at sinkx boost

B + 0 : B - 7

H = + + 0(b)

Ya = yn + V+ + o(t)]Ga



If Endidean objects are invariant

under SO(4) rotations Lorentzian

objects defined through t= ixo
E

I

will be invariant under Lorentz

transformations defined through X =i
(they form SO (1 , 3) group) .

Now we define actual Lorentz

transformations :

= Ta Tor Tos is s Ins
eshy sinkx oo

10 = sinky cashy 00I O O 10 (
O O 0

same for other boosts.


